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DIELECTRIC INCREMENT IN POLYION SOLUTIONS DUE TO THE DISTORTION 

OF COUNTERION DISTRIBUTION 

Nobuhisa IMAI and Shigeo SASAKI 
Departmmt of Physics. Faculty of Science, Nagoya UniversiQ , Na.goya 464, Japan 

X theory of DC dielectric increment, 6c, has been constructed based on the Fokker-Planck and Poisson equations on the 
mechanism ef the distortion of spatial counterion distribution around a rodlike polyion under the applied electric field, E, 
perpent*icular to the polyion rod. The DC dielectric constant of polyion solutions can be obtained analytically in the both 
cases of absence and presence of counterion-flow. The nonlinearity of the Poisson-Boltzmann equation in the absence of 
E has given the interesting behaviors of 6~. The calcularion in the absence of counterion-flow has shown the Se-values having 
the same order of magnitude as the experimental data at the higher frequency range (around 100 kIIz), and the importance 
of this mech,mism has been pointed out. 

l_ introduction 

The characteristic properties of dielectric constant 
of linear polyelectro!yte solutions are briefly summar- 
ized as the tremendoJa dielectric increment at extre- 
mely low frequency and the very broad dispersion pat- 
tern roughly composed of a few relazration processes 
in the wide frequency range. These properties have 
been theoretically clarified as due to the replacement 
of the highly condensed counterions around a macro- 
ion. The roles of the counterions discussed in the theo- 
ries may be classified simply into the following mecha- 
nisms [l-15]; 

(1) the Maxwell-Wagner effect based on the multi- 
phase model 

(2) the effect of the surface conductivity due to the 
counterion migration on macroion surface 

(3) the effect of the displacement or the fluctuation 
of counterions (thro@-r the potential barrier) along the 
polyion rod. 
Each of these effects represents the character of the 
counterions bound to the polyion on the different 
standpoints. 

However, no theoretical studies have been done on 
the dipolemoment due to the distortion of the spatial 
distribution of counterions around polyions under the 
applied electric field. It is of interest to construct the 
theory on the basis of irreversible statistical thermo- 

dynamics for the counterions without introducing the 
assumption of discrete phase models or the concept of 
phenomenological conductances. 

In this paper, we develop a theory of DC dielectric 
constant of polyion solutions based on a model of con- 
tinuous spatial distribution of counterions by using 
Fokker-Planck and Poisson equations. This ireatment 
is generally accompanied by a considerable mathema- 
tical difficulty even under the assumption of sufficiently 
low applied electric field E, because of the presence of 
an original complicated electric potential around poly- 
ion in the absence of E due to the non-linear character 
of the Poisson-Boltzmann equation_ Therefore, our 
present study restricts the object to the system satis- 
fying the following conditions; the system is two dimen- 
sional, that is, polyions have a rodiike shape whose axis 
is perpendicular to the outer applied electric field, the 
polyion solution is salt-free, and only coulombic inter- 
action exists between the polyion and the counterions 
Here, we study the DC Siciectric increment in the cases 
of the absence and the presence of colmterion-flow. 

It has been concruded through our present deriva- 
tion that the expression of DC dielectric increment can 
be analytically obtainable in the two-dimensional sys- 
te,n even in the case of-&e presence of counterion 
flow, and that the dielectric increment due to the dipole- 
moment resulting from the distortion of counterion 
atmosphere on the plane perpendicular to the polyion- 
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Fig. I, Counterions and applied electric field perpendicular to 
rodlike polyion. 

axis is as large as experimental values observed at the 
higher frequency side. It has been also demonstrated 
rhat the counterion-~0~~~ considerably decreases the 
amount of the dipoliemoment resulting from the dis- 
tortion of counterion distribution. 

2. Model and fundamental equations 

The axis of the polyion rod is assumed to be oriented 
perpendicular to the external electric field. (see fig. 1.) 
This electric field should bring about the distortion 
of the spatid distribution of the counterions from 
their thermal equilibrium. 

Let us assume that a pdlyion rod of radius a is 
situated in its coaxial cylindrical free-volume of radius 
R. In the absence of E, the counterion distribution has 
been obtained from the Poisson-Bolt~ma~ equation 
[l&I73 _ In the presence of E, the distribution function 
of counterions,f,, can be described by the following 
Fokker-P!anck arid Poisson equations, 

a&/at = Dfv-Iv+ V&f, , G-11 

+$ = - @=@qplf, , (2.2) 

where 9, Q- and e0 are the reduced electric potential 
(defimed by the electric potential multiplied by e,-JkTj, 

the diffusion constant of counterion, and the dielec- 
tric constan? of the medium, respectively. The poten- 
tial, 9, is composed of the two terms, the standard 
potential Q0 in the absence of E; , and the potential de- 
viation $Q in the presence of E. 

On the free-volume surface it is reasonable to put 

Gil (R f f?) = -(q,j’cT)ER cos B , (Z-3 

concerning the overall applied electric field E. Under 
very low external field E, the B-dependence of @‘I 
should be the same as eq. (Z-3), so that Q,(r? 0) and 
Q(r, @) may be given in the forms 

@i,(i, B)=y(r)cosf? , (2.4) 

@=~&)tq(r)cosB, (3.5) 

where r and B are cylinder coordinates. The equilibrium 
potential Go satisfies the Poisson-Bo~tzmann equation: 

Id d -- r -Q0 = -K’e-Oo , 
rdr dr 

(2.6) 

where do is promissed to be zero at r = R and K is de- 
fined by 

K2 = &iega_jX-T * (2 -7) 

Here the counterion is assumed to have the univalent 
negative charge and n_ is the number dens&y of the 
counterion at r =R. The soIution of the differential 
equation (2.6) has been given by 

$?Q = In {KV si&(A In r + B)/3A 23 , (2 -8) 

where the integration constants A and B are determined 
under the conditions #&Z) = 0 and d#0/drj,,R = 0 as 

B=h +$ -AlnR. ( ) (2.10) 

Let us spiit fc in the same way as 0; 

fc=f~(1’u(r)cos6), (ml) 

where f. is the Poisson-Boltzmann distribution,fo s 
a-e-*, and u(r) represents the degree of the distor- 
tion. Both lu (r) I and 1 q (z>] are much smaller than unity 
when E is very low, as OUF present case. Substituting eqs. 
(2.5) and (2-l 1) into eqs. (2.1) and (2.2), and neglecting 
higher power terms of u and q, we can rewrite eqs. (2 .I) 
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and (2.2) in the following forms 

or 

(2.13) 

and 

al a --- 
ar r a/Q = -K%-o@i _ (2.14) 

The expression of ion-flux If is given from eq. (2.12) 
as 

1, = Dff,VJ cos 0 , (2.15) 

where J defined by 

J=Zt+q. 

If E is a sinusoidal function of time whose angular 
frequency is w, eq. (2.13) can be rewritten as 

(2.16) 

where w = w/DO. Although it is very difficult to find 
the general sohttion of eq. (2.16), the equation when 
0 = 0: 

(2.17) 

can be analytically solved as shown in the next section. 
It can be easily shown that eq. (2.17) is available only 
if the condition wR2< 1 is satisfied from the fact 
that the right-hand side of eq. (2.17) has a value of 
order zr/R ?._ 

Now, the dipolemoment ii induced by the distor- 
tion of counterion distribution can be expressed as 

2ir R 
E* = --2eo fS fOu(r)r2 cos% drd@ _ (2.18) 

a 

Substituting eq. (2.14) into eq. (3. t8), we have a con- 
venient expression of ~1; 

E&T 
I-1 = -K [R@ - RqR - Q241’] , (2.19) 

where .qR= c~(R), c&= aqJari,=, and qf) = aq/ 

w,,o. For simplicity, in eq _ (2 .I 9) we have chosen 
the boundary condition for 4 such that electric poten- 
tial on the polyion surface is not altered by E 

4(fz)=cJ. (2 30) 

As discussed in the last section, the boundary condi- 
tion at r = Q was not essential for the final numerical 
values of dielectric increment SE. The expression for 
Se, in this system can be obtained from the general 
equation, 

lie = -4rr&i/srR2E * (221 j 

3. Integration of the equations 

For simplicity hereafter we use the following nota- 
tions. The functions, for instance,J, q, etc. at r = R or 
r = cz wit1 be denoted by suffu R or cz as JR, qR , or J, _ 
qa, and the first derivative with respect to T will be de- 
noted by putting (1) on the shoulder of the function 
asJ(l)ory(l)_~~)meansdJfdratr=R. 

At first from eqs. (2.6), (2.14) and (2.17), we have 
the following relation, 

= (l/r){K2RqR -I- K~R(RJ$)- JR)} _ (3.1) 

Integration of eq. (3.1) over whole free-volume leads 
the following relation; 

c$)+ qR /R - 4: e@e(a) 

=j: ~u2R(qR+RJi~'-JJR)edo,~-K7fJ(1')dT.. 

Ls (3.2) 

Since the fo!towing relation is established between the 
polyion charge per length, ileO, and @g)(a); 

(+,“), = 2ne$lkT = 3h - 9 (3 3) 

we obtain the relation 

2@ = E&&Q t &?(RJ~’ - JR ) 

- K2a e*e(“)(&il) _ J,) , (3 -4) 

by putting I-= a in eq. (3.1). In deriving eq. (3.4), the 
relation obtained from eq. (2.14); 



and the boundary condition (2.20) have been also taken 
into the ronsideration. 

Substituting q$t) -expression of eq. (3.4) into eq. 
(3.2) and performing the integration of eQe/r in eq. 
(3.4), we can obtain from eq. (3.2) the direct expression 
of the right-hand side of eq. (2.19). 

[cf: The integration of e@e/r can be easily obtained 
from the relation; 

.2R2e90/r=~(d/dr)(~2r2~SeOD.-_r~~)edO), 

which is derived from eq. (2.6).] 
Thus, & is expressed by the following equation. 

2 
2+y(R2-,2) 

K2R 
R ,JU) - J(1) 

-- 
s 

qR a 

rJ(‘)dr-;(2-A) = = _ 
qR 

(3.5) 

If we obtain k2 from eq. (2.6) and find the J(r)- 
expression from eq. (2.17) &z can be obtained from 
the above formulae_ 

In order to solve eq. (2.17) with res 
v 

ect to J(r), 
the following concrete expression of @o’), obtained 
from eq. (2.8). must be substituted into eq. (2.12); 

#)=--2Acoth(Alnr+B)-2, (3 -6) 

where the direct relation between X and A is given from 
eqs. (Z-9), (2.10) and (3.3) as follows 

l--=---.4 
1 -A -I- (u/R)-“A 

I 1 -A -(a/R)-‘4 . 
(3 -7) 

By introducing the following variable S instead of r; 

‘e.-.coth(A lnr+B)+ 1 
coth(A lni+B)- 1 (3.8) 

eq. (2.17) is transformed into a simplified form; 

S(l-S)S+ 

This equation can be solved and expressed with hyper- 
geometric functions, that is, the two independent solu- 
tions of eq. (3.9), J1 (S) and J2(S), are written as, 

J1 (S) = S’F((r, P, ‘Y; S) > (3.10) 

J~(s)=s-~-~-~F(a!-_r+l,P-y+1,2.-~y;s),(3.11) 

where F(cu, p, y;S) represents the hyper geometric 
function whose parameters I, (Y, /3 and y are defined with 

A by 

i=(l/ZA)(l-A)--?_, CX=~,-h---1 ) 
(3.12) 

p=-h,-h_-1 9 y= l--211_ 7 

in which 

h,=+‘I’+2A+2)1!~, Jr_=-& (A~-7J+_2)1/~_ 

The parameter A takes real values when K ‘R z < 2, but 
it changes to pure imaginary when KARL > 2, as seen in 
eq. (2.9). For the real values of A, the expressions of 
eqs. (3.10) and (3.11) are valid in the convergence range 
for the given boundary conditions. For the imaginary 
A, however, the above .7, and .iz must take the follow- 
ing forms. [cf. The complex conjugates of the above 
Jl and J, are also the solutions of eq. (39)] 

Jl(S)= Re [SIF(~,P,y;S)] , (3.10)’ 

J?(S)= Re[S-‘-Y-lF(cr- y+l.B-y+1_2-yr:S)]_ 
(3.11)’ 

where Re means the real part. 
The linear combination of J, and J2, each multiplied 

by an arbitrary constant, gives the general expression 
of J(r). These two constants are determined by the two 
boundary conditions at r = R or a. 

Here, the boundary conditions,JR = qR (that is 
rR = 0) and J,= 0 (or J(l)= 0) are adopted for the case 
when the counterion-f&v is present. T7re fon?ler condi- 
tion uR = 0 ccwrespotlds ro rhe case whe?? there is 110 
macroscopic overall u??eve?l dimiburion of cou??rerio??s 

happe?li?lg in rize solu tio?l under the applied ele mic 
field, mzd the Zattw condition, J,= 0 ??lea?ls rhat rilere 
is ?zo distortion of the ion density mid aiso no ion-flow 

o?z the po&ion surface_ (Another condition .ii’)= 0 
instead of J, = 0 means the non ion-flux in radial direc- 
tion on the polyion surface.) 

4. Calculations of & 

In our present work,de has been obtained for the 
following cases; one is the case of non ion-flow (J=O), 
and the other is the case of ion-flow under the conditions 
U~=Oand~~=o(orllR=Oand~~)=O)_ 



fn this case we can obtain 6~ from eq. (3.15) imme- 
diately by putting all the J-terms zero as follows; 

&e/B =$$(R - a’), (4.1) 

or under the consideration of eq. (3.9) 

&E/D = $ (1 -A’)(1 -a’/!?‘). (4.2) 

Eq. (4.1) shows that the dielectric increment in the case 
of non ion-flow is proportional t 1 counterion activity. 
The relation eq. (4.1) can be tramformed into the fol- 
lowing form by eqs. (2.8) and (3.7); 

(43) 

Thus, SE can be obtained if@&) is @en as a function 
of ‘n. Especially if polyion radius a is sufficienrly small, 
6~ becomes simply: 

&/I.? = A(2 - X)/7 _ (4.4) 

On the basis of eq. (4.3) the numerical cslculation was 
performed for various aJR as a function of charge 
parameter h of polyion, and the results are shown in 
fig. 2, in which the dotted line represents the case 
a+O. The flat range of the lines for X > I shows the 
ion-condensation. 
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Substituting the solution of J(r), which is a linear 
combination of Jr and J2 into eq. (3-S), we can obtain 
the final expression of&s. The arbitrary constants for 
J1 and J, are determined by the set of boundary con- 
ditions 11~ = 0 and J,= 0, or rlR = 0 and Ja(t)= 0. 
Although the final CUE expression is given analytrcally, 
it is so complicated that here we will write down the 
expression for the special case aJR tends zero, which 
can be described by only JI term since J7 diverges on 
a tending to zero. 

-C(l+-h7.)1”-h}Gt(Y~,Pg,7~,Ig;S~)l 

x [w%J.Pg~7~s~)l-1 9 (4.5) 

where ao, PO,YO and lo denote the corresponding quan- 
tities cy, p, y and I when A - 1 -A in eq. (3.12), and SR 
in this case is given 

s, =X/(2--h) - 

Here the function G is defined by 

where (cy),r = cr(cr - 1) (a - 2) . ..> likewise (P),, and (r),r 
are defined. 

The numerical calculations were performed for var- 
ious values of a/i? and X. The results are shown in fig. 
3, in which the solid lines represent the case of .I, = 0 
and the dotted lines are for the case J’l) = 0. In the case 
of small aJR, the solid and the dotted lines coincide with 
each other. 

ft should be noted that BE under the condition of 
ion-flow in fig_ 3 is much smaller than the case without 
the ion-flow in fig. 2. 

Fig. 2. Dielectric increment due to the distortion of col;nter- 
ions in the absence of counterion-flow. (1) R/a = 9.02; (2) R/a 
= 28.53; (3) R/a = 90.22 and (4) Rla - -_ 
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Fig_ 3. Dielectric increment due TO the distortion of counter- 

ions in the presence uf counter&r-flow. The numbers are the 
same as in fig. 2. The dotted line is for J$r) = 0. 

5. Discussion 

In the treatment of the above calculations, the 
boundary condition UR = 0 is employed for the case 
of the existence of counterion-flow. This condition 
is the case giving the lowest dielectric increment; this 
fact is examined by the following general Se-expression 
obtained for a finite uR under the boundary condition 
J; =o- , 

SE = (1 +U~/q~~~~g - cf&pq , G-1) 

where Se0 is SE for the case of uR = 0, and Se1 is SE 
for the case of J= C, that is qR = -uR , shown in eq. 
(4-l)_ This relation, the proof of which is shown in 
Appendix, gives the dielectric increment for arbitrary 
values of uR , connecting the SE for the case of tiR =O 
with that for the case ofJ=O. 

The concept of the free-volume assumed here under 
the electric field is based on the model of the cave for 
a single polyion and its counterions hollowed in the 
macroscopic polyion solution_ It is still an unsolved 
problem how to determine the most reasonable condi- 
tion for uR in this cave model. On the other hand, 
the condition of non ion-flow,J=O, is thought to be 
an ideal but physically likely and important condition 
in this system, shce this condition is not accompanied 
by Joule energy-dispertion in the free-volume. 

Since each polyion has a thermal free rotation to- 
gether with its free-volume, it should be noted that the 
values of SE obtained above must be multiplied by 213. 

As shown in fig. 3, the Se-values under condition 
J, = 0 are not so different from those under the coildi- 
tion J,(l)= 0. This implies that the setting of the boun- 
dary condition on the polyion surface is not so impor- 
tant espec%lly in the case a/R is small. 

As desctibed in sect_ 2, the fundamental equation 
(2-I 7) is thought to be available when ~i?~/Df~l. The 
frequency range satisfying this condition is roughly cal- 
culated to be less than 10C kHz, for example if Df of the 
counter-ion is 10-5 cm*/s as usual and R is taken to be 
2 X 104 cm (which corresponds to 5 mN solution of 
sodium-polyacrylic acid), the value of wR2/Df be- 

comes to be an order of magnitude 10 MHz. The 
dielectric Increment observed in the experiments at 
the higher frequency side (IO0 kllz-order) had the same 
order value as our resuhs in fig. 2 [l 1 ] _ Accordingly, 
the origin of the dielectric constant in 100 kHz-range 
may be attributed to the present mechanism that is 
the distortion of the spatial counterion distribution 
around polyion. 

A similar calculation has been done by us for the 
case of rigid spherical colloidal systems, which can be 
done only by a computer analysis of the equations. 
This gives also fairly noticeable SE values. This result 
will be also published elsewhere_ 

Appendix 

Eq. (5.1) can be derived in the following way. If we 
adopt the boundary conditions q0 = 0 and J,= 0 as em- 
ployed above, J(r) in the case of finite U, must be ex- 
pressed as 

J@) = (UR -+ qR)j(r) , (A-l) 

with a functioni having no arbitrary constants to be 
determined from the boundary conditions. If we define 
Jo(r) for J(r) when the boundary uR = 0 is set, this 
Jo(r) should be written with the same](T) as (A-1) in 
the form; 

Jo(r) = qRj(‘) - (A-2) 

On the other hand, if U(T) and q(r) for the case ur: = 0 
are denoted by u”(r) and q”(r), respectively, these UC@) 
and so(r) should be expressed by 

U’(r) = qR u(r) 9 q”@) = q&(r) , (A-3) 

with functions U(r), Q(r) having no integral constants 



determined by the boundary conditions. Of course. 
U(r) and Q(r) must satisfy the basic equation (2.14); 

(A -4) 

Since Jo(r) = no(r) + @(r). the eqs. (A-2) and (A-3) 
lead to the relation 

and hence, from cq_ (A-1) we have 

J(C) = ri (r) + 4 (r) = (“R + QR ) W(r) + 0 (r)I 9 

that is 

4(r)= (r~~+CI~)IU(r)+ O(r)1 - n(r) - (A-5) 

By substituting eq. (AS) into eq. (2.14) and refering to 
eq. (A-4), we have a differential equation for a function 

I(rrR •t 4R ) U(r) - 14 (r)] , such that 

= fi ‘e-‘0 {(ZfR -f- 432 ) u(r) - ‘?f (r)} _ 64 -6) 

This equation can be solved, under the condition of 
eq. (2.6) for &, and the present boundary conditions 

“a = 0 and u(R) = uR, in the form; 

in which U(r) in eq. (A-6) is replaced by HO(~) given in 
eq. (A-3). Substituting eq. (A-7) into eq. (2.18) we can 
obtain the relation between the dipolemoment due to 
LI (r) when 11~ is finite and that due to z@(r) when 
tlR = O_ From this relation we obtain eq. (5.1) after 
substituting the concrete form $#) in eq. (3.6). 
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