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DIELECTRIC INCREMENT IN POLYION SOLUTIONS DUE TO THE DISTORTION

OF COUNTERION DISTRIBUTION

Nobuhisa IMAI and Shigeo SASAKI

Department of Physics. Faculty of Science, Nagoya University , Nagoya 464, Japan

A theory of DC dielectric increment, d¢, has been constructed based on the Fokker—Planck and Peisson equations on the
mechanism ef the distortion of spatial counterion distribution around a rodlike polyion under the appliec electric field, E,
perpendicular to the polyion rod. The DC dielectric constant of polyion solutions can be obtained analvtically in the both
cases of absence and presence of counterion-flow. The norlinearity of the Poisson—Boltzmann equation in the absence of
E has given the interesting behaviors of 6e. The calculation in the absence of counterion-flow has shown the §e-values having
the same order of inagnitude as the experimental data at the higher frequency range (around 100 kiiz), and the importance

of this mech.anism has been pointed out.

1. introduction

The characteristic properties of dielectric constant
of linear polyelectrolyte solutions are briefly summar-
ized as the tremendous dielectric increment at extre-
mely low frequency and the very brcad dispersion pat-
tern roughly composed of a few rela:iation processes
in the wide frequency range. These properties have
been theoretically clarified as due to the replacement
of the highly condensed couaterions around a macro-
ion. The roles of the counterions discussed in the theo-
ries may be classified simply into the following mecha-
nisms f1-15];

(1) the Maxwell—Wagner effect based on the multi-
phase model

(2) the effect of the surface conductivity due to the
counterion migration on macroion surface

(3) the effect of the displacement or the fluctuation
of counterions (through the potential barrier) along the
polyion rod.

Each of these effects represents the character of the
counterions bound to the polyion on the different
standpoints.

However, no theoretical studies have been done on
the dipolemoment due to the distortion of the spatial
distribution of counterions around polyions under the
applied electric field. It is of interest to construct the
theory on the basis of irreversible statisiical thermo-

dynamics for the counterions without introducing the
assumption of discrete phase models or the concept of
phenomenological conductances.

In this paper, we develop a theory of DC dielectric
constant of polyion solutions based on a model of con-
tinuous spatial distribution of counterions by using
Fokker—Planck and Poisson equations. This ireatment
is generally accompanied by a considerable mathema-
tical difficulty even under the assumption of sufficiently
low applied electric field £, because of the presence of
an original complicated electric potential around poly-
ion in the absence of E due to the non-linear character
of the Poisson—Boltzmann equation. Therefore, our
present study restricts the object to the system satis-
fying the following conditions; the system is two dimen-
sional, that is, polyions have a rodiike shape whose axis
is perpendicular to the outer applied electric field, the
polyion solnution is salt-free, and only coulombic inter-
action exists between the polyion and the counterions.
Here, we study-the DC diciectric increment in the cases
of the absence and the presence of counterion-flow.

It has been concluded through our present deriva-
tion that the expression of DC dielectric increment can
be analytically obtainable in the two-dimensional sys-
tem even in the case of the presence of counterion
flow, and that the dielectric increment due to the dipole-
moment resulting from the distortion of counterion
atmosphere on the plane perpendicular to the polyion-



362 N. Inai, S. Sasaxi/Dielectric increment in polyion solutions

2

Sk

'

——— T
{Outer Field)

- Free-Volume

]
OO
|

Lty

-
-+

S Rodlike Polyion

Fig. 1. Counterions and applied electric field perpendicular to
rodlike polyion.

axis is as large as experimental values observed at the
higher frequency side. It has been also demonstrated
that the counterion-flow considerably decreases the
amount of the dipolemoment resulting from the dis-
tortion of counterion distribution.

2. Model and fundamental equations

The axis of the polyion rod is assumed to be oriented
perpendicular to the external electric field. (see fig. 1.)
This electric field should bring about the distortion
of the spatial distribution of the counterions from
their thermal equilibrium.

Let us assume that a polyion rod of radius @ is
situated in its coaxial cylindrical free-volume of radius
R. In the absence of E, the counterion distribution has
been obtained from the Poisson~Boltzmann equation
{16,17]. In the presence of £, the distribution function
of counterions, f,, can be described by the following
Fokker—Planck and Poisson equations,

o ot =D V-{V+VS f. ,
V26 = —(4mel/egkTH, »

where ¢, Dy and € are the reduced electric potential
{defined by the electric potential multiplied by eg/kT},

2.1
2.2)

the diffusion constant of counterion, and the dielec-
iric constant of the medium, respectively. The poten-
tial, ¢, is composed of the two terms, the standard
potential @ in the absence of £, and the potential de-
viation @4 in the presence of £.

On the free-volume surface it is reasonable to put

¢1(R,0)= —(eg/kT)ER cosf , (2.3)

concerning the overall applied electric field £. Under
very low external field £, the 8-dependence of ¢;
should be the same as eq. (2.3), so that ¢;(», 8) and
&(r, 8) may be given in the forms

61(r,0)=g(cosb , 4
o=gg()+q(r)cosb , 2.5)

where r and 8 are cylinder coordinates. The equilibrium
potential ¢ satisfies the Poisson—Boltzmann equation;

1d d. _ 2 o
rarlarPoT KTE T, (2:6)

where ¢ is promissed to be zero at 7= R and « is de-
fined by

k2= dmega_{kT .

(&)

Here the counterion is assumed to have the univalent
negative charge and a__ is the number density of the
counterion at r = R. The solution of the differential
equation (2.6) has been given by

¢p=In{x272sinh2(4Inr+ B)/242}, 2.8)

where the integration constanis 4 and B are determined
under the conditions ¢g(R) = 0 and dég/dr],-5 =0 as

A=~+1—-1k2R?, 29
o f1-a) _

B«ln(l_}A) AInR . .10)
Let us split £ in the same way as ¢;

fo=Fo(+u)cosb), @11

where f;; is the Poisson—Boltzmann distribution, f =
a_e™® and u(r) represents the degree of the distor-
tion. Both |u(7)]| and g (#)] are much smaller than unity
when £ is very low, as our present case. Substituting egs.
(2.5) and (2.11) into egs. (2.1) and (2.2), and neglecting
higher power terms of «# and g, we can rewrite egs. (2.1)
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and (2.2) in the following forms

E?tu DV {f V(1 +g)cos b}, (2.12)
or
;{ Df{— (zz+q)+( -%?))-a%(u+q)

S +q)} : (2.13)
and
;)ri :rrq— —xZe=%ou . (.19

The expression of ion-flux f; is given from eq. (2.12)
as

I¢=D¢fyVJ cosO ,
where J defined by

(2.15)

J=Eu+qg.

If £ is a sinusoidal function of time whose angular
frequency Is w, eq. (2.13) can be rewritten as

2 do,
fon =27+ (l.“ —9)3 7-L,

2 r drjor P2

(2.16)
or-

where w = w/Dg. Although it is very difficult to find
the general solution of eq. (2.16), the equation when
w=0;

2 d
-7, (im_f’ﬁ) s-L;.
aor

ar- r 2

»2
can be analytically solved as shown in the next section.
It can be easily shown that eq. (2.17) is available only
if the condition wR2<€ 1 is satisfied from the fact
that the right-hand side of eq. (2.17) has a value of
order u#/R2.

Now, the dipolemoment p induced by the distor-
tion of counterion distribution can be expressed as

c17n

27 R

p=—2eg f f Fou(r2cos20 drda . (2.18)

Substituting eq. (2.14) into eq. (2.18), we have a con-
venient expression of u;

€okT

p=— [qu ~Rqg — a*q{M}, (2.19)

where .gp=g(R), qg) 8q/ori,-p and qu) =3q/
or},=,- For simplicity, in eq. (2.19) we have chosen
the boundary condition for g such that electric poten-
tial on the polyion surface is not altered by £

q@=0. (2.20)

As discussed in the last section, the boundary condi-
tion at r = 2 was not essential for the final numerical
values of dielectric increment §¢. The expression for
b€, in this system can be obtained from the general
equation,

Se= —4auj/aR-E 2.21)

3. Integration of the equations

For simplicity hereafter we use the following nota-
tions. The functions, for instance,J, g, etc.atr=R or
r= g will be denoted by suffix R oraasJg, gg,orJ,,
4,,and the first derivative with respect to 7 will be de-
noted by putting (1) on the shoulder of the function
as J or q(l).JI(g) means dJ/drat r=R.

At first from eqgs. (2.6), (2.14) and (2.17), we have
the following relation,

d q DN PG 2, .00 (1
E(Q+?)_¢0 (q L R re¥oy

= (1/N{Kk2Rqp + kZR(RIP — Jz)} . G.1)

Integration of eq. (3.1) over whole free-volume leads
the following relation;

q}el) +gp/R —q., ePo(a)

R
= [ ®2R@gr+RIP = Tg)e®/r —?r/ Dy dr.
“ (3.2)

Since the following relation is established between the
polyion charge per length, neq, and gb(()l Xa);

(ro{P), = 2ned[DKT =21, (3.3)
we obtain the relation
2qP = k?Rqp +12RRIP — Jg)

—k2ae™P0@ s _ gy, G4

by putting r = g in eq. (3.1). In deriving eq. (3.4), the
relation obtained from eq. (2.14);
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d q 9
— (l) == —p= ¢0
d’_(q +7’) K~¢€ u .,

and the boundary condition (2.20) have been also taken
into the ~onsideratior.

Substituting q(l)—expressxon of eq. (3.4) into eq.
(3.2) and performing the integration of e®0/r in eq.
(3.4), we can obtain from eq. (3.2) the direct expression
of the right-hand side of eq. (2.19).

[cf: The integration of €0 /7 can be easily obtained
from the relation;

k2R% %0 [r = § (d/dr) (k2r2 +8e%0 ~ 2roDe?) |

which is derived from eq. (2.6).]
Thus, € is expressed by the following equation.

1)
8€ 1 2pr_ oy IR IR, K2 s,
D gk (R a)+ in 2+ R a*)
(1) _ (1)
_k 2R %)) J a
rJ dr—-— 2—Ay) 22— 35
qu Q- — - (3.5)

a

If we obtain k2 from eq. (2.6) and find the J (7)-
expression from eq. (2.17), 6€ can be obtained from
the above Tformulae.

In order to solve ey. (2.17) with res Fect toJ(r),
the following concrete expression of q& , obtained

from eq. (2.8), must be substituted mto eq. (2.12);
ro) = —24 coth(4Inr+B) —2, (3.6)

where the direct relation between A and A is given from
€gs. (2.9), (2.10) and (3.3) as foliows

I—a= 1—A4 +(a/R)~24
T li—4—@R)24 |’
By introducing the following variable S instead of 7;

_cothfAnr+B)+1

G.7D

T coth(Aln7+B)—1 G-8)
eq. (2.17) is transformed into a simplified form;
dzj 1. .8\ds J(1-5)
SA=8S)—+f§2— >+ —>_I=
( S)ds2+(‘ A+A)dS 44328 0.9

This equation can be solved and expressed with hyper-
geometric functions, that is, the two independent solu-
tions of eq. (3.9),J;(S) and J,(S), are written as,
J18)=S'F(a,B,7:S) . (3.10)
Jo(S)=S17-IF(@a—y+1,8—y+1,2.—7;5), (3.11)

where F(a, 8, y;.S) represents the hyper geometric
function whose parameters /, @, 8 and v are defined with
A by

h_—1

1=(1/24)Q—A)—h_, -7 312

a=h,—

B=—h,—h_—1, ¥y=1-2h_,

in which

= 2:% (AZ —~24 _;.2)1/2'
The parameter 4 takes real values when k2R2< 2, but
it changes to pure imaginary when k2R2>> 2 as seen in
eq. (2.9). For the real values of 4, the expressions of
€gs. (3.10) and (3.11) are valid in the convergence range
for the given boundary conditions. For the imaginary
A, however, the above J, and J, must take the follow-
ing forms. [cf. The complex conjugates of the above

J) and J, are also the solutions of eq. (3.9)]

ha=5o (A2424+2)V2, h_

J1(5)=Re [S'F(a,B,7:5)] , (3.10y
J2(S)=Re[S~ 17 IF(@—y+1,8—y+1.2—:S)].
(3.11)

where Re means the real part.

The linear combination of J; and J,, each multiplied
by an arbitrary constant, gives the general expression
of J(r). These two constants are determined by the two
boundary conditionsat 7 =R or a.

Here, the boundary Lor-dmons Jp =ggn (thatis
up=0)and J,=0 (or J, D = () are adopted for the case
when the countenon-ﬂow is present. The former condi-
rion up = 0 corresponds to the case when there is 1o
macroscopic overall uneven distribuzion of counterions
happening in the solution under the applied ele-tric
field, and the latter condition, J,= 0 means that there
is no distortion of the ion density and also no ion-flow
on the polyion surface. (Another condition J, jl) =0
instead of J,= 0 means the non ion-flux in radial direc-
tion on the polyion surface.)

4. Calculations of 8z

In our present work, 8¢ has been obtained for the
following cases; one is the case of non ion-flow (J =0),
and the other is the case of ion-flow under the conditions
ugp =0and .’ =0 (or ug =0 and JV=0).
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4.1. The system without counterion flow (J=0}

in this case we can obtain 8¢ from eq. (3.5} imme-
diately by putting all the J-terms zero as follows;

Se/D=2k2(R2~ a?), (4.1)
or under the consideration of eq. (2.9)
Se/D=1(1—-42)(1—a2/R?). “@.2)

Eq. {4.1) shows that the dielectric increment in the case
of non ion-flow is proportional i » counterion activity.
The relation eq. (4.1) can be tranzformed into the fol-
lowing form by egs. (2.8) and (3.7);

Se 1 1—{a%/R?)
—_— =4 — .
p - 1— e—00@(a2/R2)

(4.3)

Thus, 8¢ can be obtained if ¢(a) is given as a function
of A. Especially if polyion radius « is sufficienily small,
&€ becomes simply:

Se/D=A(2—N)/2. 44)

On the basis of eq. (4.3) the numerical calculation was
performed for various a/R as a function of charge
parameter A of polyion, and the results are shown in
fig. 2, in which the dotted line represents the case
a—0. The flat range of the lines for A > 1 shows the
ion-condensation.

(%)
id)

40

30

20
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Fig. 2. Dielectric increment due to the distortion of counter-
jons in the absence of counterion-flow. (1) R/a = 9.02; (2) R/a
=28.53;(3Y R/a=90.22 and (4) Rfqg — ==,

4.2. The svstem with countericn flow under the
condition of up = 0

Substituting the solution of J(r), which is a linear
combination of /{ and J, into eq. (3.5). we can obtain
the final exprossion of Se. The arbitrary constants for
J; and J, are determined by the set of boundary con-
ditions «tp, =0 and J,= 0. or up =0 and J§1)= 0.
Although the final 5e expression is given analytically,
it is so complicated that here we will write down the
expression for the special case a/R tends zero, which
can be described by only J; term since J, diverges on
a tending to zero.

e/D=1r(2—N) — Q+A -2+ D2 +1-N

Flog,Bg,70—1:5R)
F(og.Bp>Y035R)

+2(1+AH)122+A -3
_2A2-X)

21— Q)
—{(1+2A?)2 N} G (g, By: 70195 Sg)]
X [F(O‘O,Bos’Yo;SR)J_l .

where ag,, Bo, 1o and Iy denote the corresponding quan-
tities, 8,y and I when 4 =1 —Xineq. (3.12),and Sy
in this case is given

Sp=AN@2-A).
Here the function G is defined by

(@) (B),,
G(a,B,7,55g) =’Zg ), (+ 1+ 1)

RA+ADY2G(ey.By. 79— 1,193 Sk)

@.5)

Sk » (4.6)

where (@), = a(x — 1) (@ —2) ..., likewise (8),, and (7),,
are defined.

The numerical calculations were performed for var-
ious values of /R and A. The results are shown in fig.
3. in which the solid lines represent the case of J,=0
and the dotted lines are for the case Jél) = 0. In the case
of small a/R, the solid and the dotted lines coincide with
each other.

1t should be noted that §e under the condition of
ion-flow in fig. 3 is much smaller than the case without
the ion-flow in fig. 2.
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Fig. 3. Dielectric increment due 10 the distortion of counter-
ions in the presence uf counterion-flow. The numbers are the

same as in fig. 2. The dotted line is for Ja(‘) =0.

5. Discussion

in the treatment of the above calculations, the
boundary condition up = 0 is employed for the case
of the existence of counterion-flow. This coadition
is the case giving the lowest dielectric increment; this
fact is examined by the following genecral e-expression
obtained for a finite ug under the boundary condition
I =0;

66=(1+uR/qR)6EO —(uR/qR)Sel , (5.1)

where 8¢, is 8¢ for the case of up =0, and S¢; is 5¢
for the case of J=C, that is g = —up, shown in eq.
(4.1). This relation, the proof of which is shown in
Appendix, gives the dielectric increment for arbitrary
values of 15 , connecting the §¢ for the case of zip =0
with that for the case of J=0.

The concept of the free-volume assumed here under
the electric field is based on the model of the cave for
a single polyion and its counterions hollowed in the
macroscopic polyion solution. It is still an unsoived
problem how to determine the most reasonable condi-
tion for ug in this cave model. On the other hand,
the condition of non ion-flow, J=0, is thought to be
an ideal but physically likely and important condition
in this system, since this condition is not accompanied
by Joule energy-dispertion in the free-volume.

Since each polyion has a thermal free rotaiion to-
gether with its free-volume, it should be noted that the
values of 8¢ obtained above must be multiplied by 2/3.

As shown in fig. 3, the de-values under condition
J, = 0 are not so different from those under the coudi-
tion J{1=0. This implies that the setting of the boun-
dary condition on the polyion surface is not so impor-
tant espectally in the case a/R is small.

As described in sect. 2, the fundamental equation
(2.17) is thought to be available when wR2/D;<€1. The
frequency range satisfying this condition is roughly cal-
culated to be less than 100 kHz, for example if D¢ of the
counterion is 10—3 cm?2/s as usual and R is taken to be
2 X 10— c¢m (which corresponds to 5 mN solution of
sodium-polyacrylic acid), the value of coR2/Df be-
comes to be an order of magnitude 10 MHz. The
disleciric increment observed in the experiments at
the higher frequency side (100 kHz-order) had the same
order value as our results in fig. 2 [11]. Accordingly,
the origin of the dielectric constant in 100 kHz-range
may be attributed to the present mechanism that is
the distortion of the spatial counterion distribution
around polyion.

A similar calculation has been done by us for the
case of rigid spherical colloidal systems, which can be
done only by a computer analysis of the equations.
This gives also fairly noticeable §€ values. This result
will be a'so published elsewhere.

Appendix

Eqg. (5.1) can be derived in the following way. If we
adopt the boundary conditions g, =0 and J,=0 as em-
ployed above, J(#) in the case of finite gz must be ex-
pressed as

J@O)=(ug+qg)i@®,

with a function j () having no arbitrary constants to be
determined from the boundary conditions. If we define
JO(p) for J () when the boundary ug = 0 is set, this
JO(#) should be written with the same j(7) as (A.1) in
the form;

JO@ =qpi®). (A2)
On the other hand, if #(7) and g (7) for the case up =0
are denoted by u0(r) and g0(7), respectively, these u0()
and g9(7) should be expressed by

W@ =qrU@, %) =q9xr00), (A3)

with functions U(7), Q(7) having no integral constants

(A.1)
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determined by the boundary conditions. Of course,
U(r) and Q(r) must satisfy the basic equation (2.14);

910 H__ 2.~
orror Q= —xeTToU.

Since JO(r) = u9(r) + g0(r). the eqgs. (A.2) and (A.3)
lead to the relation

inN=Un+oi),

and hence, from eq. (A.1) we have
JO=u@+qn)=WUg +qx){UN+0OM},

that is

gD =g T a)UM+ 0@} —ul@). A3
By substituting eq. (A.5) into eq. (2.14) and refering to
eq. (A.4), we have a differential equation for a function
[(g +grdU@E) — u(r], such that

212 rlug+ap)UC) — u(}

(A4)

=x2e 90 {(up +qp) U@ —u (@} .

This equation can be solved, under the condition of
eq. (2.6) for ¢, and the present boundary conditions
1, = 0 and #(R) = ug . in the form:

u(y=+uglgp Y0 ()

(A.6)

)
—ug k2R [arirod? (A7)
a

in which U{r) in eq. (A.6) is replaced by u9(r) given in
eq. (A.3). Substituting eq. (A7) into eq. (2.18) we can
obtain the relation between the dipolemoment due to
u(r) when 1y is finite and that due to ©0(r) when

up = 0. From this relation we obtain eq. (5.1) after
substituting the concrete form ¢’f)l) in eq. (3.6).
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